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1. PRELIMINARIES








±bc ¡ axbxc1 + ar2
´




















b=1 xbxb, a = constant, in [3], [4] and [5].
We proved that any geodesic of (1.1) is a plane curve in R3 but thoses
of (1.2) are not so in general. The curvature tensor Rjihk of both metrics
ds2 =
P4
i;j=1 gijdxidxj satis¯es the equalities:
(1.3) Rjihk = ±ihgjk ¡ ±ikgjh; i; j; h; k = 1; 2; 3; 4:






Fijduiduj ; Fij = Fji;
where u1 = r; u2 = µ; u3 = Á; u4 = x4 and
x1 = r sin µ cosÁ; x2 = r sin µ sinÁ; x3 = r cos µ;














(gij) = (gij)¡1, and
Fij = Fij(u1; u2) except for F44 = F44(u1; u2; u4)
and
F12 = F®¸ = 0 (® = 1; 2; ¸ = 3; 4):
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We proved in Proposition 1 in [4] that: Putting the restriction
(1.4) F33=F22 = sin2 u2 £ constant
to obtain the above mentioned metric gij = Fij=u4u4, it is necessary and























+ 2y ¡ 1
2
¾ ¡ 2c1 = 0(1.6)
and






¡ (¾0 + 4¾2 cosu2)y = 0;
where c1 = integral constant and ¾ = ¾(u1); ¾2 = ¾2(u1) are auxiliary
functions of u1 only.
And we obtained the main theorems, Theorem 3 and Theorem 4 in [4]:
The solutions of the system of equations (1.5), (1.6) and (1.7) on y with





































respectively, where b0 6= 0, b1 6= 0 and c1 are constants and ¾ and ½ are








by (5.10) in [4] and for Case I:
F34 = bF33; b = constant;
we have
F44 = b2F33 +
1
c0 + c1u4u4
; c0; c1 = constants






; with ½(0) = 1
by (6.4) in [4].
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Now, we put
¾ + 4c1 =
4
u1u1
and ½ = 1¡mu1;


































































































































b0f(½¡ 14b0½) cosu2 + (½+ 14b0½)g2
=
4b0½2
(¾ + 4c1)f(b0½2 ¡ 14) cosu2 + (b0½2 + 14)g2
and substituting (1.10) into which we have
(1.12) F22 =
b0u1u1(1¡mu1)2
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And by Theorem 2 and Case I in [4] and setting b = 0; we obtain
F34 = 0;(1.14)




where c; c0; c1 = constants.
In this work, we study the family of metrics given by (1.12) » (1.15),
especially with m = 0, and the metics (1.1) and (1.2) which belong to this
family and show that the equalities (1.3) for the curvatures hold for any one
of this family.
2. CURVATURES OF THE METRICS
(1.12) » (1,15)
Let us use an auxilliary function of u2 for simplicity as



























Fij ; Fij = Fji











F34 = 0; F44 = ¡ 11 + au4u4 ; F12 = F®¸ = 0;
® = 1; 2 and ¸ = 3; 4, where we set the constants as
m = 0; b = 0; c0 = ¡1; c1 = ¡a; c = 1:
In the following, we set as ®; ¯; °; : : : = 1; 2 and ¸; ¹; º; : : : = 3; 4
Proposition 1. When b0 = 14 , the metric (2.2) becomes the metric (1.1).
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dxbdxb ¡ a1 + ar2 (
X
b








±bc ¡ a1 + ar2xbxc
´
dxbdxc ¡ 11 + ax4x4dx4dx4
o
;
since H = 12 , which is the metric (1.1). ¤
Proposition 2. When b0 = 12 , the metric (2.2) becomes the metric (1.2).
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dxbdxc ¡ 11 + ax4x4dx4dx4
o
;
which is the metric (1.2). ¤
In the following we shall compute the curvature tensor of the metric (2.2):












where fjihg are the Christo®el symbols made by gij :





















; i; j; h; k = 1; 2; 3; 4:


















































F 4¸F¯° ; f¯®¹g = ¡ 1
u4


















¹ ¡ F 4¸F¹º);
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(±®1 F¯2 ¡ ±®2 F¯1);
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+ a(±®1 F¯2 ¡ ±®2 F¯1) +
1
u4u4
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here we compute the above expression by dividing in the two cases ® = 1
and 2 as follows.
R¯
1
12 = F 11
³ 1
u1u1
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(±®1 F¯2 ¡ ±®2 F¯1) = ±®1 g¯2 ¡ ±®2 g¯1:
Next, we obtain by (1.6) in [4]
R¯
¸
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that is
(2.9) R¯¸12 = 0:
Next, we have by (1.7) in [4]
R¸
®






















(2.10) R¸®12 = 0:






















































































(2.11) R¸¹12 = 0;






































(2.12) R¯®º° = 0:













































Mathematical Journal of Okayama University, Vol. 45 [2003], Iss. 1, Art. 8
http://escholarship.lib.okayama-u.ac.jp/mjou/vol45/iss1/8






































































































































Regarding these auxiliary expressions A¯° ; B¯¸º° we show the following.
First we set




which is similar to H = (b0 ¡ 14) cosu2 + b0 + 14 . We have from (2.14)
















= aF¯° ¡ 12
@2 logF33
@u¯@u°
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Then, from (2.15) we have
B¯
3






















































































































































Mathematical Journal of Okayama University, Vol. 45 [2003], Iss. 1, Art. 8
http://escholarship.lib.okayama-u.ac.jp/mjou/vol45/iss1/8






































































































































































































































Ohtsuki: Certain Metrics on






































































































































































































Mathematical Journal of Okayama University, Vol. 45 [2003], Iss. 1, Art. 8
http://escholarship.lib.okayama-u.ac.jp/mjou/vol45/iss1/8
CERTAIN METRICS ON R4+ (III) 179







































































































































































































































































Ohtsuki: Certain Metrics on



















































Now, from (2.18) we have
R3
®
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These results can be written as
R3
1
º° = ¡ 1
u4u4
±1°F3º :















































































(b0 ¡ 14) sin





























































Since we have the equality
¡(b0¡ 14)H
¤ sin2 u2¡b0 sin2 u2¡HH¤ cosu2+2H¤H¤ = ¡b0 sin2 u2+H¤H¤;
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º° = ¡ 1
u4u4
±2°F3º :
Then we get from (2.18)
R4
®




















































These results can be arranged as
(2:18¤) R¸®º° = ¡ 1
u4u4
±®°F¸º :
Next, we obtain by (1.12) in [4]
R¸
¹
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(2.21) R¸¹º° = 0:





















(2.22) R¯®34 = 0:





































































(2.23) R¯¸34 = 0:
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that is
(2.24) R¸®34 = 0:
Finally, we obtain by (1.16) in [4]
R¸
¹



















































































f444g¤(F¹4F¸3 ¡ ±¹3 ±4¸) +
1
u4u4






44F33 ¡ ±¹3 ±4¸) +
1
u4u4
















Thus we have proved the following theorem,


















F34 = 0; F44 = ¡ 11 + au4u4 ; F12 = F®¸ = 0;
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® = 1; 2; and ¸ = 3; 4; b0 = constant;










(±ihFjk ¡ ±ikFjh); i; j; h; k = 1; 2; 3; 4:
Furthermore, we have easily the following (see [7]).
Corollary. The space with the metric in the above theorem has constant
sectional curvature ¡1.
Proof. Let ¦ be any two-dimensional nondegenerate tangent subspace at a
point and vi; wi be tangent non zero vectors belonging to ¦ and orthgonal






= (gihgjk ¡ gikgjh)vjwivhwk
= gihwivhgjkvjwk ¡ gikwiwkgjhvjvh
= ¡(gikwiwk)(gjhvjvh);
which shows the sectional curvature of ¦ is ¡1. ¤
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